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DECOMPOSITIONS AND RESIDUE OF MEROMORPHIC FUNCTIONS WITH 
UINEAR POUES IN THE LIGHT OF THE GEOMETRY OF CONES 

LI GUO, SYLVIE PAYCHA, AND BIN ZHANG 


Abstract. Germs of meromorphic functions with linear poles at zero naturally arise in various 
contexts in mathematics and physics. We provide a decomposition of the algebra of such germs 
into the holomorphic part and a linear complement by means of an inner product using our results 
on cones and associated fractions in an essential way. Using this decomposition, we generalize 
the graded residue on germs of meromorphic functions in one variable to a graded residue on 
germs of meromorphic fractions in several variables with linear poles at zero and prove that it is 
independent of the chosen inner product. When this residue is applied to exponential discrete sums 
on lattice cones, we obtain exponential integrals, giving a first relation between exponential sums 
and exponential integrals on lattice cones. On the other hand, this decomposition of meromorphic 
germs also provides a key ingredient in the Birkhoff-Hopf type factorization through which 
we revisited Berline and Vergne’s Euler-Maclaurin formula on lattice cones, establishing another 
relation between exponential sums and integrals. 
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1. Introduction 


Meromorphic functions play a fundamental role in eomplex geometry, where they relate to 
divisors, bundles and sheaves. A speeial elass of meromorphie funetions, namely meromorphie 
funetions with affine poles or as in this paper with linear poles, arise naturally in various eontexts, 
in perturbative quantum field theory when eomputing Feynman integrals by means of dimensional 
regularization (see e.g. 0]) or by means of analytie regularization a la Speer [p^, in number 
theory with multiple zeta funetions [[1^, |T^ (see also [^, [1^, [T^], in the eombinatories on 
eones when evaluating exponential integrals or sums on eones following Berline and Vergne [|T]] 
(see also 0)- 

We study these meromorphie funetions loeally, that is, we study germs of meromorphie fune¬ 
tions (or meromorphie germs in short) with linear poles, with the aim in mind to extend to this 
eontext results whieh are known for meromorphie germs in one variable. Let us reeall some basie 
results in one variable of direet interest to us for future generalizations to meromorphie germs in 
several variables. The spaee of germs of meromorphie funetions at a point-say 0- whieh we de¬ 
note by A1o(Q, eoineides with the spaee of eonvergent Laurent series at 0 denoted by e}}. 
A meromorphie germ in one variable has a unique Laurent expansion, so our first task is to es¬ 
tablish a generalized Laurent expansion for meromorphie germs in several variables with linear 
poles. 

The spaee C{e“^ e}} or its formal version C[e“\ e]], or its twisted version e]] for a Lie 
algebra g, play important roles in various mathematieal fields, sueh as representation theory, 
algebraie geometry, mathematieal physies. Here are some of its key features: 

• It is filtered by the order, say r, of the pole at zero; 

• It has a projeetion: n+ : e}} —> C{{e}} giving a deeomposition 

(I) C{e-\e}} = e-^C[e-i]©C{{e}}; 

• The eorresponding filtered algebra 

00 

r:=\Jrr, r, :=£-'■€{{£}} 

r=0 

has a residue 

Res^(/) = lim (z7(z)) for all / e £-''€{{£}} 

z^O 

whieh is a graded residue in the sense that it induees a map on the eorresponding graded 
algebra GrlF = whieh is eompatible with the graded produet. 

The deeomposition (|I]) eommonly used in physies is ealled the minimal subtraetion seheme and 
follows from the faet that 7t+ is a Rota-Baxter operator [Q, |^], one of the fundamental algebraie 
eoneepts used for the algebraie Birkhoff faetorization in the Connes-Kreimer approaeh to renor¬ 
malization [@] . Given the importanee of the deeomposition and residue of meromorphie germs in 
one variable, it is interesting to find their generalizations in the ease of several variables, whieh 
is our goal in this paper. We provide a deeomposition (Theorem of the algebra of germs of 
meromorphie funetions in several variables with linear poles at zero into the holomorphie part and 
its linear eomplement by means of an inner produet using previous results on eones and assoeiated 
fraetions in in an essential way|]. This deeomposition leads to interesting applieations. One of 


The statement of Theorem t.4 can be found in some unpublished notes that Michele Vergne kindly shared with 
us. We could nevertheless not find a proof of this decomposition in the literature. 
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them is an algebraic BirkhofF factorization for characters with range in meromorphic functions in 
several variables [j^]. The second is a generalization of the residue. 


In order to generalize the fraction 


Res!;(/) 


containing the highest order residue ReSo(/) to mero¬ 


morphic germs with linear poles, we need a filtration. Using the decomposition of the algebra of 
meromorphic germs at zero with linear poles of Theorem we first filter the algebra of mero¬ 
morphic germs with linear poles by what we call the p-order (p for polar), which would be r in 
the above one variable example. Using again the decomposition of the algebra of meromorphic 
germs, we then pick (see Definition |5.10D the highest polar order fractions in the decomposition, 
to build the highest polar order residue, or the p-residue in short, which boils down to —^— in 


the above example. The p-residue is uniquely defined and we show (Proposition |5.12| ) that it is 
independent of the decomposition of / induced by the chosen splitting, and hence is an intrin¬ 
sic invariant of /. ffad we instead picked out for the residue the homogeneous part of p-order 
1, it would have depended on the choice of splitting for germs with p-order larger than 1. The 
p-residue, which is actually a graded residue, is compatible with the product on perpendicular 
fractions (Proposition |5.14D . ffad we picked instead of the highest p-order term, the term of 
p-order 1 as a residue, this compatibility would not have held true. 

We then apply this p-residue to the exponential sums on lattice cones, which actually was our 
original motivation to study the p-residue. Let us recall the one-dimensional Euler-Maclaurin 
formula for exponential sums and the generalization to higher dimensional cones by Berline and 
Vergne. On the (closed) cone [0, -l-oo), the exponential sum on the lattice points of the cone (the 
lattice given by the natural integer points), which is 


5(e) 


,£k 


1 


k=0 


\ - 


for negative s, relates to the integral 


r“ 1 

l{s) := I dx = — 

Jo ^ 


by means of the Euler-Maclaurin formula. 


5(e) = /(e) -Hyu(e). 


ffere 


00 


Ks) = -Yj 

n=0 


(n + 1)! ’ 


is holomorphic at e = 0, so the integral /(e) corresponds to the pole part of the Eaurent expansion 
of the sum 5 (e) at zero. 

Similarly, to a lattice cone in a linear space, namely a convex cone equipped with a lattice, one 
can assign two meromorphic functions, the exponential integral / on the cone and the exponential 
sum 5 on the lattice points of the cone, which Berline and Vergne could relate by a generalized 
Euler-Maclaurin formula ([jl]. Theorem 19]). One of the motivations for the present paper is to 
generalize to higher dimensions, the fact that in the one-dimensional case, / arises as the pole 
part of 5; we indeed show that the p-residue of the exponential sum 5 on a lattice cone is the 
exponential integral /. The integrals being p-residues of the discrete sums, our result, like the 
Euler-Maclaurin formula, relates discrete sums and the corresponding integrals. 
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Layout of the paper. In Section ^ we first provide some background on cones and germs of 
meromorphic functions with linear poles, and specifically polar ones. In Section |] we give a 
geometric approach to the latter. For this purpose we introduce supporting cones for polar germs 
and use the geometry of supporting cones to study relations among polar germs to prove the main 
result of this section, namely the non-holomorphicity of linear combinations of polar germs with 
properly positioned supporting cones. In Section we prove the desired decomposition theorem 
for the space of meromorphic germs with linear poles with the help of an inner product, and 
show that the decomposition of a germ into the sum of polar germs and a holomorphic function is 
uniquely determined by the supporting cones if they are properly positioned. Based on the results 
in Section ^ we introduce a filtration on the algebra of meromorphic germs with linear poles and 
the associated p-orders. We then proceed to define p-residues for germs of meromorphic functions 
at zero with linear poles in Section ^ and prove that they do not depend on any choice we have 
made. Finally, in Section we apply our construction to the exponential sums of lattice cones and 
prove that the p-residue is indeed the exponential integral, thus generalizing the one-dimensional 
situation explicated above. 


2. Germs of meromorphic functions 

In this section, we provide some terminology needed for subsequent sections. In this part F 
denotes a subfield of M.. 

Definition 2.1. (a) A rational (vector) space is a pair (V, Ay) where V is a finite dimensional 

real vector space and Ay is a lattice in V, that is, a finitely generated abelian subgroup of 
V whose R-linear span is V; 

(b) A filtered space is a real vector space V with a filtration Vi <z V 2 ^ of real vector 
subspaces such that V = U/c>iVk. Let J/, : Vk —> Vk+i denote the inclusion; 

(c) A filtered rational space is a filtered space V = fikVk with lattices A^ := Ay^ of Vk 
such that A<:+i|y^ = Ak,k > 1. Then we denote the filtered rational space by (V, Ay) = 
UkiVk,Av,) where Ay = U^Ay^; 

(d) An inner product 2 on a filtered space V = Ui.>il4 is a sequence of inner products 

Qk{', ■) = (■, •)k : 14 <S> Vi: —> R, k > 1 , 

that is compatible with the inclusions jk, k > 1; 

(e) An F-inner product on a filtered rational space (V, Ay) is an inner product {Qk}k>\ on the 
filtered space V = Uk>iVk such that the restriction of Qk to Ay^ O F and hence Ay^, takes 
values in F. A filtered rational space together with an F-inner product is called a filtered 
rational F-Euclidean space. 

We now assume that V = U14 is a filtered rational F-Euclidean space. Let be the dual space 
of Vk, then a vector v in Vk can be viewed as a linear functional on VI 

v:K^R, /^/(v). 

In particular, for a basis {c,} of Vk with dual basis {e*} of V^, we have the linear functionals 

ei : V^ ^ R, u = ^ Sie* 

i 

Thus we also denote e, by £, as a function on V^. 

Definition 2.2. Let U^(14, ^k) be a filtered rational space. 
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(a) A germ of meromorphic functions at 0 or meromorphic germ in short on V* (8 C is the 

quotient of two holomorphie funetions in a neighborhood of 0 inside <8i C with respeet 
to the eanonieal eomplex strueture on VI <8» C. So a funetion on (8) C is holomorphie if 
it is holomorphie in the eomplex eoordinates in any dual basis of 

(b) A germ of meromorphie funetions f{s) on V* (8)C is said to have linear poles at zero with 
coefficients in F if there exist veetors L\, - ■ ■ ,Ln e Ay^ ^ F (possibly with repetitions) 
such that /n”^jL; is a holomorphie germ at zero whose Taylor expansion for coordinates 
in the dual basis {e\, • • • of a given (and hence every) basis {ei, ■ • ■ ,ek} of At has 
coefficients in F. 

(c) A germ of meromorphic functions of the form ,, ^ with linearly independent vectors 

Li, • • • , L„ in A^. (8) F and j'l, ■ ■ ■ , > 1 is called a simplicial fraction. Such a fraction is 

called simple if all 5i = • • • = = 1 and multiple otherwise. 

Remark 2.3. These definitions are independent of the choice of a basis of A/,. Since a set of 
vectors in A^ (8> F is F-linearly independent if and only if it is R-linearly independent, from now 
on we just call it linearly independence without specifying the coefficients. 

Let AipiV^ 0 C) be the set of germs of meromorphic functions on (8 C with linear poles at 
zero and with coefficients in F, which defines a linear space over F. 

The F-inner product Qk ■ 0 ^ R induces an isomorphism Ql '■ Vk ^ V^. This yields an 

embedding induced from —> Vk+i- We refer to the direct limit V® := U^o = 

lim y* as the filtered dual space of y.Q 

Composing with the map jl : dual to jk : Vk Vk+i, yields the embedding 

Mf{v10O^ Mf{vi,0C\ 

giving rise to the direct limit 

CO 

Mf(y® ® C) := limMf(y; 8) C) = IJ MF{V*k «> C). 

' A'=l 

Let A\f,+{VI <0 C) denote the space of germs of holomorphie functions at zero in 8 C whose 

Taylor expansions at zero have coefficients in F under the dual basis of a basis of Ak. We set 

CO 

Mf,+(y® 8 C) := [J MfAVI ® Q- 

k=\ 

When F = R, we usually drop the subscript F from the notation. 

For V = R“ equipped with the filtration Vk := R^ with its standard lattice and standard inner 
product, the dual rational space V^ is identified with R^ equipped with the standard lattice. Thus 
the space A1f,+(C^) := MfA^I corresponds to the space of germs of holomorphie functions 
at zero in whose Taylor expansions at zero have coefficients in F with respect to the canonical 
basis of R*. 

We next identify a class of polar germs (that is, non-holomorphic meromorphic germs) that 
will be shown to give a linear complement of the subspace MfA^I ® (Theorem Thus 
they can be regarded as purely polar germs. For notational simplicity, we will call them polar 
germs. 


is a proper subspace of the usual dual space V* unless V is finite dimensional. 
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Definition 2.4. A polar germ with F-coefficients in ( 2 ) C is a germ of meromorphic functions 
at zero of the form 

h{£i, • • • , f,„) 

where 

(a) i\,-“ , L„ lie in A/, (g> F, with Li, ■ ■ ■ , L„ linearly independent, such that 

Qi£i, Lj) = 0 for all (/, j) g [m] x [n], 

where for a positive integer p, we have set [p] = { 1 , ■ • ■ , p], 

(b) h lies in +(€“), 

(c) 5 i, • • • , are positive integers. 

Remark 2.5. Let • • • ,be a maximal linearly independent subset of {/’i, • • • ,£„}■ Then 
h{£i, ■■■ ,-£m) = h{T{£i^, • • • , /’,;)) for a multilinear map T. Thus hoT is still holomorphic. There¬ 
fore, without loss of generality we can assume that ^i, • • • , are linearly independent. 

Definition 2.6. We let <E> C) denote the F-span of polar germs in C) and set 

CO 

M%_{y® ® c) := [J M%_{y*k ® Q- 

k=\ 

Remark 2.7. Whereas the space Mp_(V^ ® C) depends on the choice of the inner product Q, the 
space ® C) does not. 

Example 2.8. (a) For linearly independent vectors Fi, ■ ■ ■ ,g Ak® F and s\, - ■ ■ , Sk > 0, 

— - — lies in Mp_{Vl ® C) for any inner product Q. 

(b) Let Q := (•, •) be the canonical Euclidean inner product on R“. Then the functions 
f(sie*, + S 2 e* 2 ) = 7 -^- s > 0,t >0, lie in Al£ ((R^)* ® C). 

Remark 2.9. We will mostly be working with a fixed filtered rational F-Euclidean space. Thus 
we will drop the superscript Q to simplify notations. 

3. The geometric structure of polar germs 

In this section, we apply our results in 0 to study meromorphic germs geometrically through 
the cones associated to the germs. 

3.1. Cones and fractions. We first recall our results on the geometry of cones underlying de¬ 
composition of fractions in [^. Consider a filtered rational space V = with a fixed 

ordered basis (£i,C 2 G •■) such that (ci,C 2 G ••) Fi = (£ 1 , • • • ,Cjt) is a basis of Ajt. A (closed 
convex polyhedral) cone in Vf, is the set 

(2) (vi, • • • , v„) := R>oVi -F • • • -F R>ov„, 

where v,- g y^., z = 1, ■ ■ ■ , n. It is called an F-cone if the v,’s in Eq. are in Aj,®F. If F = Q, then 
it is called rational. The dimension is defined as the dimension of the linear subspace spanned 
by the v,’s. A cone is called strongly convex if it does not contain any nonzero linear subspace. 
A cone is simplicial if it is generated by R-linearly independent vectors, so a simplicial cone is 
strongly convex. A rational cone is smooth if it is generated by part of a basis of Aj-. 

A subdivision of a cone C is a set {Ci, ■ ■ ■ , C^} of cones such that 
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(i) C = Ul,Ci, 

(ii) Cl, - ■ ,Cr have the same dimension as C, and 

(iii) Cl, - ,Cr interseet along their faees, i.e., C, n Cj is a faee of both C, and Cj for 1 < i, j < 


A subdivision is ealled simplicial (resp. smooth, in the case when C is rational) if all C,’s are 
simplicial (resp. smooth). An F-subdivision of an F-cone is a subdivision such that every C, is 
an F-cone. 

A proper subdivision of a family of cones {C,} is a set {Di, - - - , Dr] of cones such that 

(a) Di, - - - , D,. intersect along their faces, 

(b) for any i, there is 7, c [r] such that {Z)/}/g/. is a subdivision of C,, and 

(c) U,/, = [r]. 

A proper F-subdivision of a family of F-cones is a proper subdivision such that every D, is an 
F-cone. 

With this notion, results in can be rephrased as follows. 

Lemma 3.1. Lemma 2.3] 

(a) Any finite family {C, } of cones in R.^ has a simplicial proper subdivision. 

(b) Any finite family of rational cones {Cf in R.^ has a smooth proper subdivision. 

As a subfield of R., F contains Q, so A*- (g> F is dense in Vk. Applying this in the proof of 
Lemma 2.3(a)], we obtain 

Lemma 3.2. Any finite family jC,}™ of F-cones has a simplicial proper F-subdivision. 

We now assign to each cone a fraction. Let C be a simplicial cone in 14 with R.-linearly 

k 

independent generators vi, ■ • ■ v„ expressed in the fixed basis {ei, - - - , ejt] as v,- = 2 aji, for 

7=1 

k 

I < i < n. Define linear functions Lfs) := Lyffi) := 2 where s := 2,=i 6 Lf (S> C 

./=i 

and {e], - - - is the dual basis in V*. Let Ac = [atj] denote the associated matrix in A7^xfi(®-) 
with Vi as column vectors. Let w(vi, • • • ,v„) or w(C) denote the sum of absolute values of the 
determinants of all minors of Ac of rank n. As in [^, define 


(3) 


0(0 := 


VP(Vi, ■ ■ • ,Vn) 


Li---L„ 

which is in S (R) introduced in Definition |2]^ (c). For an simplicial F-cone C, 0(C) is in S (F). 

Further for any cone C, define 0(C) := 2/ ®(C,) where {C,} is a simplicial subdivision of C. 
As shown in [^, thanks to the following lemma, O is well-defined, independent of the choice of 
its simplicial subdivision. 

Lemma 3.3. [[^, Lemma 3.2] Let C be a simplicial cone and jCi, ■ ■ ■ , O] be a simplicial subdi¬ 
vision of C, then 0(C) = 2 ^(O- 

(=1 

Let (£ be the set of cones in V, and R(£ be the vector space with basis (£. We then obtain a linear 
map 
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Remark 3.4. Whereas for a simplieial eone C, 0(C) is a simple simplieial fraetion, for a general 
eone C, 0(C) is a linear eombination of simple simplieial fraetions, sinee it is defined as the sum 
of for any subdivision of C into simplieial eones {C,} (see Formula (15) in [j|]). 

Definition 3.5. A family of eones is said to be properly positioned if the cones meet along faces 
and the union does not contain any nonzero linear subspace. 

Example 3.6. Any subdivision of a strongly convex cones yields a properly positioned family of 
cones. 

More generally we have the following result. 

Proposition 3.7. A family of F-cones whose union does not contain any nonzero linear subspace, 
can be subdivided into a properly positioned set of simplieial F-cones. 

Proof Adapting the proof of [0, Lemma 2.3 (a)] and using the density of A^ ( 8 ) F in Vk, one can 
build a common F-subdivision of the family of cones that intersect along faces. The union of 
the cones in the subdivision is the same as the union of the family of cones and hence does not 
contain a nonzero linear subspace. Therefore the subdivision is properly positioned. □ 

We have the following geometric criterion for the linear independence of fractions. 

Lemma 3.8. Let {C,} be a set of properly positioned simplieial cones each of whose elements Ci 
spans the same linear subspace. Then the set {0(C,)} of fractions is linearly independent. 

Proof. We note that the proof of Lemma 3.5 in 0] still works if its assumption that the cones 
is in the first orthant is replaced by the assumption that the union of the cones has a topological 
boundary. Then Lemma follows since the latter assumption is met when the cones are properly 
positioned and hence their union does not contain any nonzero linear subspace. □ 

Remark 3.9. As a special case of this lemma, for a set of simplieial properly positioned F-cones 
{C,}, if each of whose elements C, spans the same linear subspace, then the set {<I>(C/)} of fractions 
is F-linearly independent. 

On the other hand, partial differentiation on the space of fractions carries over to cones. For the 
fixed basis {ei, ei, • • •}, let (efe^, ■ ■ ■} be the dual basis, and £ = Z be an element in V® O C. 
We define the differential operators 



The following proposition follows from straightforward computations. 

Proposition 3.10. ([0, Proposition 4.8]) For a fraction 77 ^ 7 ^ 4 , let {L* = YjjCije*}, be dual to {F,},- 

L, •••L., J 


in the sense that (Li, L*) = 6ij, 1 < i, j < k. Define dq = Cijdj. Then we have 


1 


-ii— 

(5i-1)!---(5,-1)! 



( 4 ) 
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3.2. Non-holomorphicity of polar germs. In this subsection, we use our results on cones to 
study the non-holomorphicity of polar germs. 

Lemma 3.11. If a polar germ can be written as cind , both inform satisfying 

the conditions in Definition |2.4 Then k = i, and L\, - ■ ■ ,can be rearranged so that L, is a 
multiple of L'l and Si = tifor \ < i <k. 

Proof We apply the induction on 5 := j'l -l- ■ ■ ■ -l- j'n with the case when 5=1 being clear. For the 
inductive step, suppose that none of the linear forms L\, - ■ ■ , is a multiple of Li. Then the left 
hand side of the equality 

is a non-holomorphic Laurent series in L\ , while the right hand side is holomorphic in L\ , which 
leads to a contradiction. Therefore we can rearrange T', ■ ■ ■ , so that 

Li = cL\ 

for some constant c Thus from 

(L;y. 

we obtain 

h(bu---Jm) ^ Cg(l\, ■■■,!',) 

By the inductive hypothesis, the conclusion of the lemma holds for the two sides of the equation. 
Then the lemma follows. □ 


This lemma justifies the following definition, which to a polar germ assigns a simplicial cone. 


Definition 3.12. (a) A vector v of V is called pseudo-positive (with respect to the chosen 

basis) if the first nonzero coefficient of v under the ordered basis (^i, e 2 U ■ •) is 1 . 

(b) Let 


h(fl, • • • , km) 


be a polar germ such that the vectors Li, • • • , are pseudo-positive. Then the cone 
(Li, • • ■ , L„) is called the supporting cone of the germ. 


Remark 3.13. (a) Rescaling the vectors L, if necessary, we may assume that any polar germ 

satisfies the above pseudo-positive condition. Thus the supporting cone of a polar germ 
exists. By Lemma |3.11| , the supporting cone is also unique. 

(b) The lemma also shows that a polar germ can be uniquely written as in a form 




satisfying the conditions in Definition and with Li, • • • , L„ pseudo-positive. We refer 
to a fraction in this form as the standard form of the corresponding polar germ. 

1 


Example 3.14. The supporting cone of the germ 


(ei -r S2)K£2 - si) 


is the cone {ei + e 2 , ei - £ 2 )- 


Example 3.15. Let C be a simplicial cone. The supporting cone of the germ 0(C) clearly is the 
cone C. 
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Remark 3.16. For a general eonvex eone C the germ 0(C) is not neeessarily a polar germ, so the 
notion of supporting eone does not apply in that ease. 


Lemma 3.17. If {Li, ■ • • ,L„} is a set of pseudo-positive vectors, then the cone {L\, ■ ■ ■ ,L„} is 
strongly convex. 


Proof Let L,- = 2/=i <^ji s R, 1 < i < n. Let ay,,, 1 < / < n, be the first nonzero (so positive) 
coefficient of L,. Reorder the L,’s so that ji < 72 < • • ■ < Then Uj.t > 0 for / < C since ay,^ is 
the first nonzero coefficient of L^. 

Suppose that the cone (Li, • • • ,L„) is not strongly convex. Then there is v 9 ^= 0 with v, -v e 
(Li, ■ ■ • ,L„). Then we have 




;=1 


2=1 Vi=l 


/ n 


V’ 


- ^ diU - ^ ^ 


1=1 


7=1 V ;=1 


'I’ 


where c;, di e R>o, 1 < / < n. Let c,y, be the first nonzero coefficient of v. By switching v and -v if 
necessary, we can assume that the first nonzero coefficient c/q of v appears no latter than the first 
nonzero coefficient of -v. In other words, di = 0 for 1 < I’o - L Then 

n k ( n \ n k ( n \ 


CiCl ji 


ej, -V 


i=k 2=1 V'=(o 

Comparing these two equations, we have 

n n 


= ^ diLi = ^ ^ diO 


l=lO 


j=\ \i=io / 


^j- 


I=lO 


i=io 


Since all the coefficients in the sums are nonnegative, we must have 2 = 0- This is a 


contradiction since CigOj-^jg > 0 . 


1=10 


□ 


With the concept of supporting cone at hand, we can restate Lemma in terms of a geometric 
criterion for the linear independence of fractions. 


Lemma 3.18. Simple simplicial fractions whose supporting cones are properly positioned and 
span the same linear subspace are linearly independent. 


More generally we have 


Lemma 3.19. Any set of simplicial fractions whose supporting cones are properly positioned and 
spanned the same linear subspace are linearly independent. 


Proof. The proof is similar to that of Lemma 4.9 in 0. We include a proof for completeness. We 
just need to prove that a contradiction follows from any relation 


(5) 




= 0 


with 0 Oi e F and with supporting cones of G, := ^,,-1 ^ satisfying the conditions in the 

Lemma. By Lemma 3.6 in 0, we can assume that for each 1 < / < r, the weight | 5 ,j = 5,1 H- \-Sik 

is the same. We next proceed by induction on ^ := \si\. So s > k. 

If s = k, then the powers of all the linear forms are 1. It then follows from Lemma p.l 8 | that 
a, = 0 for all indices i, leading to the expected contradiction. Assume that a contradiction arises 
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for any relation in Eq. (Q) with s = n > k and consider such a relation with 5 = n + 1. In this case, 
at least one linear form, say Li, has exponent greater than one. 

Let Ti be the maximal power of Li in all the simplicial fractions G,, 1 < z < r. We split these 
fractions into three disjoint sets. Let Gi, • • • , G^ be all the simplicial fractions with Li raised to 
the power of r^. Let G^+i, ■ ■ ■ , G^+r be all the simplicial fractions, if any, with Li raised a positive 
power less than ri. Let G,n+e+i, • • • , G^ be all the simplicial fractions, if any, that do not contain 
Li in their denominator. Then 

r m m+{ r 

^ QjGi Zjyj ^ ^ ^iGj + ^ GjGi + Zjyj ^ GiGj. 

i=l i=\ i=m+\ i=m+t+l 

Lor any m + 1 < i < m + i, the power of 1 /Lyj in Ly^ Gi is less than ri - 1. Lor m + ^ + 1 < z < r, 
1 /L,,j does not appear as a linear form of G,. Using the assumption of the proposition, we write 
Lyj as a linear combination of the linear forms Ly.,, ■ ■ • ,Ly.^ of G,: 

Zjyj — Gi\Ly-^ + ■ ■ • + Uij^Ly.^, 

k 

Thus Ly, G, = y --is a linear combination of fractions that do not contain L,,. as a 

r 

linear form. In summary, each monomial in ^ has its power of 1 /Lyj less than ri - 1 so 

/=m+l 

m r 

that no such monomial can cancel with any monomial in L,,, 2 o-iGi. Then from ^ z^zG, = 0 and 

1=1 z=i 

r 

thus Lyj Yi <^iGi = 0 we know that 

!=1 

m 

Zjyj ^ QiGi - 0 . 

(=1 

In this equality, simplicial fractions LyjGi, • • • , Ly^Gm have non-zero coefficients ai, ■ • ■ , a,„, and 
the weight of each terms in the sum is n. Thus by the induction hypothesis we must have a, = 
0 , z = 1 , • • • zn, which yields the expected contradiction. □ 


Example 3.20. Given two R-linearly independent linear forms Li, L 2 , then the fractions —— 

- —r- 3-777 are R-linearly independent for any (ri, r 2 ) and (ii, S 2 ) in since their supporting 

\L,\ + L2) ^ Lr, 

cones (Li, Li + L 2 ) and (L 2 , Lj -l- L 2 ) span the same linear space and are properly positioned. 


Based on this, we prove the following non-holomorphicity of polar germs. 


Theorem 3.21. Let 


hi 


zl in: 


be a set of polar germs with coefficients in F such that 

l<i<p 

• for any 1 < z ^ j ^ P, the two functions and are not proportional 

to each other, 


• the supporting cones for , 1 < z < p, are properly positioned. 

If a linear combination 

hi 


( 6 ) 


V Oi - 

Z—i T Vl 


, , Uf ■ ■ ■ L "' 

1=1 a ifii 


-, Oi 6 L, 1 < z < p. 


is holomorphic, then a, = 0 /or 1 < z < p. 
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Remark 3.22. Clearly, it suffices to show the theorem for F = R since the result then follows for 
any subfield F of R. 

Proof. Suppose that the theorem does not hold. Then there is a linear combination of the form 
described in Eq. (Q) with nonzero real coefficients 1 < / < p, and a germ of holomorphic 
functions ho such that the germ 



(7) 


vanishes in a neighborhood of zero. Reordering the terms in the sum if necessary, we can assume 
that the first term in the sum satisfies the conditions 



We can further assume that there is a t > 1 such that, precisely for / = 1 , • • • ,t, the following two 


conditions are satisfied: i) 2 ^ij = N and ii) the set {Ln, ■ ■ ■ ,Li„f spans the same linear subspace 


,/=i 


as {Lii, ■ ■ ■ ,Li„|}. Thus n,- = rii for i = 1, • • • ,t. 

We consider the first term of the sum in Eq. (^). Eet hi = hfii 1» * ’ * 1 ^Imi ) with 2(Li„, {i,n) = 
0,1 < n < ni,l < m < mi. As in Remark ^3i without loss of generality we can assume that 
^iG • • • are linearly independent. Extend Ln, • • • in,-- - ,ti,„^ to a basis {^i, • ■ • ,ek] of 

<Si F, with = Lin for I < n < rii and en^+m = ^im for 1 < m < mi. Thus 


Q(ep, eg) = 0, I < p < ni,ni + I < q < k. 
Note that, for i > I, the germ h, = hfin, • ■ • , has the property that 

Q{Lin, iim) = 0,1 < n < n,-, 1 < m < m; 


hence for 1 < / < t, Q{ep, C„i) = 0 for 1 < p < ni, 1 < m < m,-, so the linear forms in, - ■■ , 
lie in the linear span of e„i+i, ■ • ■ ,e^. Thus with respect to the dual basis {e*, • • • ,el} of the 
basis {ei, • • ■ , ek) of 14 (2) C, the functions hfY, ■ ■ ■ , hiYi ^i^*) in the variables £i, • • • ,Sk 
are in fact germs of holomorphic functions in variables £„,+!, ••• only, which we write them as 

5 ■ ' ■ 5 ■ 5 hfiSfU+l 5 ■ ' ■ ) ^k)- 

Eet now i 6 {1, • • • ,p}, for any n 6 {1, • • • , n,}, we write L,,, = L'.^ + L", where L'.^ is a linear 
combination of ei, - ■ ■ , and L" is a linear combinations of e^+i, • ■ - eu. Thus L-' is a linear 
function in e„i+i, • • • , We note that / > t if and only if either ■s'o < N, or there is an index 
n such that L" 0 as a result of the fact that {L,i, • • • ,Linf and {Ln, ■ • ■ , } do not span the 

same linear space. 

Now fix values ^m+i, ■ • ■ ,Sk such that ■ ■ ■ ,e°) ^ 0,1 < z < t, and 

OJ > I for those L" 0. This is possible since the union of zero locus of 
these finitely nonzero functions being proper closed subsets implies that the complement is an 
open non-empty subset. 

We introduce a new set of variables r^, 1 < m <ni and e and apply the substitution (si, • • • ,£k) = 
(ris, ■ • • , r„^s, s^ni+v " ' ’ the meromorphic germ 
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in Eq. (^. This gives rise to a Laurent series in e that is identieally 0 by the ehoiee of the germ. 
Thus the eoeffieient of every given power of s is 0. In partieular the eoeffieient of the smallest 
power is zero. In order for a term hi/■ • • L.“' in the sum to eontribute to this eoeffieient, we 
must have 2 / sij = N and L'' = 0, that is, 1 < / < U On the other hand, for 1 < / < t, Ln, ■ ■ ■ , Lm- 
are linear homogeneous in Ln = £i, ■ ■ ■ ,L\n^ = e„i. Henee under the above substitution, they 
give eL,i, • • • , sLin. in the variables ri, • • • , r„| and the eoeffieient of reads 




,sl) 


i=l 


j Vl 


j ^iiij 


Henee it is zero as a sum of fraetions in ri, • • • , . But the set of fraetions ^ , 1 < / < t. 


satisfies the eonditions in Lemma P.19| . Thus the eoeffieients 
coefficients a,, 1 < / < t, are zero which leads to a contradiction. 


, e?) and hence the 


□ 


A direct consequence of the non-holomorphicity theorem [3.21| is the following uniqueness 
result. 


Corollary 3.23. Let {5,}i<,<f and [Tj]i<j<m be two sets of polar germs with coefficients in F, both 
satisfying the assumptions in Theorem |3.24 Further suppose that the supporting cones for S , ’s 
coincide with the supporting cones for Tfs. IfYli=\ Si = Z7=i {5'/}i</<^ = {Tj}\<j<m- 


Proof Write the polar germs Si’s and Tfs in their standard forms as defined in Remark P.13| . Let 
Mk, 1 < k < n, be the distinct (and hence non-colinear) denominators in these standard forms. 
Then we have 




(=1 


k=\ 


T: 


7=1 


n J 

V — 


where for each I < k < n, g^ and /i*- are not both zero and are homomorphic in some linear forms 
perpendicular to the linear forms in Mj,. Thus from 2f=i Si = 27=i obtain 


E 


gk - hk 
Mu 


= 0 . 


But the terms in the sum satisfy the conditions of Theorem |3.21| . Thus we have gu = h for 


1 < k < n. Therefore the S is must match with the Tfs which gives the identification we want. □ 


3.3. Reduction to polar germs. The following lemma is useful to prove a decomposition of 
germs of meromorphic functions with linear poles and real or rational coefficients. 

Lemma 3.24. Every element f in (S> C) can be written as a F-linear combination 2 Si 

i 

of polar germs Si with coefficients in F whose supporting cones are properly positioned. 

e , 

Proof An element of Mf-{VI (8) C) is a sum 2 of polar germs. Collecting the terms 

;=1 Z,j 

with colinear denominators, we can assume that Lf ■ ■ ■ and ■ ■ -Llf are not colinear as 

iL irii /I jrij 

functions for any 1 < / ^ 7 ^ 

Lix a basis {^i, • • • , eu) of Ku ^ F- Then multiplying by -1 if necessary, we can assume that 
the Lifs are pseudo-positive. Thus the union of any set of faces of the supporting cones is not a 
linear subspace. 
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Let Ci be the supporting eone of , !</</’, whieh are F-eones. By Lemma there 

are simplicial F-cones 1 < /r < m, that only interseet along their faees sueh that every C, 
has a simplieial subdivision by a subset of where 7, c [m], 1 < i < i. Let 

1 < /i < m, be the simple simplicial fractions with supporting cone Since C, and are 
simplicial, with the notations in Eq. (14) of [^, we have 


Gi t>u 


where a,, bf^ are constants in F. Thus by Lemma we have 


Gi 




0(C,) = _^0(D^) = _^ 

fieJi fieJi 


bL 

m; 


Thus , is a F-linear combination of By Proposition p, Proposition 4.8], ^ is ob 

F‘i\'"L,j,j: iVlij T—I 7 ...J I 


Lji—L, 

tained by differentiating 


L-L. 

fl iiij 


Li I "’Lin 


from which it follows that it is a F-linear combination of deriva¬ 


tives of The latter is a F-linear combination of multiple fractions of the form 




with D,, in the subdivision of C, and 


is a F-linear combination of fractions of the form 


, , with Du in the subdivision of C, . 

Note that has the same linear span as C, if appears in the subdivision of C, . Hence the lin¬ 
ear forms L,i, • • • , Li„. and AZ^i, ■ • • , have the same linear span. Thus they are perpendicular 
to the linear forms in h. Therefore ,, lies in Mp-iV’t ® C). □ 


m'"* -m'""" 


4. A DECOMPOSITION OF THE SPACE OF MEROMORPHIC GERMS AT ZERO WITH LINEAR POLES 

In this section, we establish our decomposition of the space of meromorphic germs, again F is 
a subfield of R. 


4. 1. Reduction to simplicial supporting cones. We begin with a reduction of a general fraction 
to a linear combination of simplicial fractions. 


Lemma 4.1. Let L\, - • • ,Ln be vectors in Kk® F and s\, - • • , su be positive integers. Then the 
fraction ^ ^ can be rewritten as a linear combination 


E 




with Oi e F and a subset {Mu, ■ ■ ■ , M,„.} of linearly independent subset of{Li, ■ • ■ , Lfi. 
Before going to its proof, we illustrate the lemma with an example. 
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Example 4.2. Given two linearly independent linear forms Li,L 2 , since 

L 2 (Li+z, 2 )^ following decomposition of into simple simplicial fractions: 

1 ^ / I ^ 1 1 

LjL^CLi + L2) \Li(Li+L 2 ) + L2)) Li + L2 

_ 1 2 1 

L]{Li + L2)3 ^ LiL2(Li + L2)3 ^ L2(Li + L2)3 

12 2 1 
L2(Li + L2)3 ^ Li(Li + L 2 Y ^ L2(Li + L2)4 ^ L2(Li + L2)3 ‘ 

Proof. By multiplying together linear forms that are multiples of each other, we can assume 
that none of the L, is a multiple of another. We use induction on the difference d := n - 
dim(lin{Li, ■ ■ ■ ,L„}). If d = 0, then there is nothing to prove. Suppose the lemma holds for 
all fractions in the lemma satisfying d < N with N > 0 and consider a fraction with d = N + 1. 
Then d > 1 and thus there is a vector L,- in the fraction that is the linear combination of the other 
vectors in the fraction. By reordering the linear forms if necessarily, we can assume that there is 
2 < r < n such that Li, ■ ■ ■ , are linearly independent and L^+i = XiLi with c, 9 ^: 0,1 < z < r. 
To complete the proof, assume for now the following claim whose proof will be provided later. 


Claim 4.3. Let Li, • • • ,Lr,r >2be linear independent and Lr+i = C/T,- with Ci 0,1 < z < r. 

Then 


( 8 ) 


J_= y 

... f ^'+1 / 1 




1 r+l 




where bj is in F and {Nji, • • • , Njr}for each j is one o/{Li, • • • ,Li, - , L^+i}, 1 < z < r, and hence 
is linearly independent and spans lin{Li, ■ ■ ■ , L^+i}. 

We continue with the inductive proof of Lemma M Applying Eq. (||) to the inductive proof 
on d, we have 


1 


T S\ ^ ^ T Sn 


Z 


J ■'''/l ^^jr^r+2 


Note that the linear forms in each fractions of the sum span the same space as that of {Li,..., L^+i}. 
Thus by our inductive hypothesis on d, the lemma holds for each fraction in the sum. This 
completes the induction on d and hence the proof of the lemma. 

Thus it remains to prove Claim P3|. We proceed by induction on the sum m := sj. Since 
Si > 1 for 1 < z < r + 1, we begin with the case when 5 , = 1,1 < z < r, namely m = r. From the 
well-known relation 


1 r 

1 

y_j L\ • • • Li • • • Lf.L^.f.1 


where L, means that the factor L, is omitted, we have 

1 c,- 


(9) 


Z 


LwLrL;:l L,---Li---LM;:{ 


v+1 + 1 


Then the claim for this fraction follows since {Li, • • • , Li, - ■ • , L^+i} is linearly independent for 
1 < z < r. 
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1 


Assume that the elaim has been proved for the multiple fraetion ^ 

"A + l 

M > r and eonsider the fraetion when m = M + 1. Multiplying 1 IL\ 


r il-1 


- when m < M with 
to Eq. we 


obtain 


^1 


T Sr T ir+1 

■ i-r+l 




Ci 


/ J T Si T Si-l jSrjSr+l 

,'=1 -^1 ■ ■ ■ -^ r+l 


r Sr T ir+1+1 


Sinee the induetion hypothesis ean be applied to the fraetions in the sum, the induetion on m is 
eompleted, proving the elaim for the fraetion 


r-^1 r-^r+l ' 
^1 ■■■^r+l 


□ 


4.2. Decomposition of germs. The following deeomposition generalizes Laurent expansion of 
meromorphie funetions in one variable and the Rota-Baxter deeomposition Af(C) = A1-(C) © 
A1+(C) of the spaee of Laurent series at 0 given by the projection onto the holomorphic part of 
the Laurent series. 

Theorem 4.4. Let {V, Ay) be a filtered rational F -Euclidean space, we have 

(a) For I < k < oo, we have the direct sum decomposition 

Mf{VI © C) = ® ® Q- 


In particular, an element f 


Ll-Lr 


in Mf(V; 


can be written as a sum 


( 10 ) 




hiHi) 


+ 




i V 


where for each i, 

(i) 1^1 > 0 , 

(ii) Li = (Ln,--- ,Lif„.) where {Ln, ■■ ■ ,Limf is alinear independent subset of [Li,- • • ,Lk}, 

(iii) ii = {ii(mi+\), • ■ • iik) where {inmi+i), • • • iik) is a basis with F-coefficients of the orthog¬ 
onal complement of the subspace spanned by L, with respect to the inner product 

Q,^ 

(iv) hfii) is holomorphic in the independent variables ii (reduced to constant when k = 1) 
whose Taylor series expansion has coefficients in F, so that lies in MfA^I 

^i 

(v) (pi is a germ of holomorphic function in the independent variables ii and Li. 

(b) Taking a direct limit yields 


Mf{V® © C) = MfAV^ 


iMf,+(y®©c). 


(c) The projection map 

( 11 ) n^-.MFiV* 


MfAV* ® C) 


onto AlF,+(y® <S> C) along AtF_(y® <8> C) factorizes on perpendicular functions. More 
precisely, with the notation ofEq. (|7^), let 


f-Z 


I'F,) 


i V 


and g = ^ 


kj{mj) 

lA'i 


+ fijimj, Mj) 


( 12 ) 
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(13) 


be two germs of functions in AipiV® <Si C) with the property that the linear forms in {L,-, /’,} 
are perpendicular to those in {Mj, mffor any i, j. We have 

^+ifg) = ^+(f)tt+ig). 


Before giving the proof, let us illustrate the statement with an example. 

Example 4.5. Take the standard inner produet. Sinee 
real number c we have 

(Li + 12? + 3c (Li + L 2 ? + 3c2 (Li + L 2 ) + c^ 

LiL 2 (Li + L 2 ) 

^ I L 2 ^ 3c ^ 3c^ ^ c^ 

LfU + L2) ^ Li(Li + L2? 

Li 3c ^ 3c^ ^ c^ 

T2^T2^ L2(Li + L 2 ) ^ L2(Li +L2)2- 

Henee ;r+(/c) = 2. 

Remark 4.6. The holomorphic funetions h, and 0, in the deeomposition (|T^ depend on the ehoiee 
of inner produet Q. 

Proof. @ We prove the statement for 1 < k < 00 . Then taking the direet limit gives the result for 
any filtered spaee. 

Let 1 < k < 00 be given. We first verify the deeomposition 

Mpiv; ® c) = MfAK ® Q + (» c). 

Thanks to Lemma ^T], without loss of generality we ean reduee the proof to germs of funetions 
of the type 


with h 6 A1f,+(V^ 0 C), linearly independent linear forms Li, ■ ■ ■ ,Lm c Ak<Si F and i'l, • • • ,Sm 
positive integers. Then we extend {Li, • • ■ , L,„} to a basis {Li, ■ • ■ , L,„, ^ 1 , ■ • • , 4-m} of A^(2)F with 
the additional property that 

QiLi, £j) = 0, I < i < m, \ < j <k - m. 

Note that for k = I, this deeomposition eorresponds to the minimal subtraetion seheme deeom¬ 
position ^ + h{Li)-h{Ci) ^ prove the general ease we proceed by induction on the sum 

s = Si + -h If ■S' = 1, then m = 1, and j'l = 1. We write 

• • • , 4-i) _ h{0,ki, ■ ■ • , 4-1) h{L \, ^ 1 , • • • , 4-1) ~ h{0, i\, - ■ ■ , 4-i) 

Li Li Li 

The first term lies in A1r--(C*) as a consequence of the orthogonality of Li with the ^,’s. The 
second term 

h{Li,€i, • • • , 4-i) - h{Q,€i, • • • , 4-i) 

4 

^ h(Li,£i, ■ • • , 4-i)(fi-Lj -p £24 + ■ • • + ~ h{Li,£\, • • • , 4-i)(f24 + ■ • ■ + 

Sl 


(Li -P L2 -P c? 
LiL2(Li -P L 2 ) 
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is holomorphic at 0. This yields the required decomposition. 

Assume that the decomposition exists for all element with s < t where t > I and consider 


/ 


r ^1 T^m 


with 5 = +-h s,n = t + 1. We note that 


where we have set 


/ + .?! + ■ ■ ■ + gm, 

h(0, • ■ • , 0 , ^ 1 , ■ • ■ , 4 -m) 


gi ■ = 


rn 

h 


T Si ^ ^ T Si-l _ r s,„ 
V 


, 1 = 0 , 

1 < / < m, 


with 

fi- = 


, • • • , T/, O,*’’ h(^Lii , • • • , Li—1 ,0,'*' 

Li ’ 


I < i < m. 


Then lies in Mf-(V^ <8i C). Further, for / = 1, ■ • ■ , m, / is holomorphic at 0. Thus it follows 
from the induction hypothesis that gi lies in Mp-iVl ® C) + A1f,+(V^ (?) C). Hence / lies in 
Mf-{VI^C) + MF,+{yi (S)C). This completes the proof for the sum decomposition Mf{VI^C) = 
8) C) + MfA^I ® ^)- 

We next show that Mf-{V^ (g) C) Pi Mf+(V^ (g C) = {0}. Suppose that there is 0 f € 
A\F-iyi (8) C) n A1 f,+(V^ <8) C). Then / is holomorphic. On the other hand, by Lemma p.24| , 
the element / e Mf-(V^ <8» C) can be written as a linear combination 2/ ciSi of polar germs 5, 
with supporting cones satisfying the condition in Theorem |3.21| . Then applying Theorem p.21| to 
2, ciiS i = /, we get a, = 0 for all i. This is a contradiction. 

The statement follows from the compatibility of the decomposition with the filtration. 

(§) Let / and g be as in Eq. ([T2[). We have 


fg=Yj 


‘•j 


hi(£i) kjifhj) ^ ^ kjifhj) hi(£i) . ^ ^ ^ ^ 

+ (l)i{£i, Li) J + Mj) + (pi{£i, Li)iJ/j{mj, Mj) 


The first three terms in each sum lie in Mf-^V® 8 ) C) and the last term lies in Mf,+{V® 8 C). 
Hence 


T^+ifg) = 'Yj Li)il/j{mj, Mj) = Y Y 


i-j 


\ i 




= ^+(f)^+(g)- 


□ 


Combining the previous results leads to the following existence and uniqueness result. 
Corollary 4.7. Any element f of Mf(V® 8 C)j can be written as 

i 

where h is holomorphic and the S i’s are polar germs satisfying the following requirements 

• their supporting cones are properly positioned, 

• their denominators are pairwise not proportional, 

• the linear forms in their denominators are pseudo-positive. 

If two such decompositions have the same properly positioned supporting cones, then they are the 
same decomposition. 
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Proof. The existence follows from Theorem |4!^ . 

Let f = i h = Tj + ghe two decompositions satisfy the listed conditions, and the set of 
supporting cones of {5,} and [Tj] are the same, then 

Y,s,-Y^T,+h-g=t,. 

So by the non-holomorphicity theorem p.21| , we have 

g = h. 

Now the uniqueness of the decomposition follows from Corollary 3.231 . □ 


4.3. Compatibility of the decomposition with subdivisions. This part studies the change of a 
decomposition of a germ under a proper ^-subdivision of the supporting cones. 


Proposition 4.8. Let S 


hjCi,-,e,n) 


be a polar germ with coefficients in F. Let {Di, ■ • • , Dr) be an 


F-subdivision of the supporting cone C of S. Then S = Z/=i 5’; where each S j is a polar germ 
whose supporting cone is the cone Dj. 

Proof Let C be the supporting cone of the polar germ S with coefficients in F, we have 

a 


0(0 = 


Ll ■ ■ ■ Lyl 

for some constant a e F. Since O is additive on subdivisions, we also have 


0(0 = j] 0(0). 


y=i 


Assume that Dj = (Lji, • • • ,0„). Then 0(Dy) = 
1 


:d 


^1-1 . . . 


1 


with b; e F and 


L Lji ■ ■ ■ Ljn 


E 


'O-i-U- 


(^1-I)!-••(5,-1)! 
where Cr.^...rj^ are constants in F. Now by Proposition p.lO| , we have 


... ifj' 

rj,+-+rj„=si+-+s„ ;1 ^jn 


s = 


h{€i, • • • , O) 


O’ 


T 



h{iu- 


-1 1 

(.^1 

-1)!. 

•■■{sk - 1)! L A 

Li • • • L, 


h{€i. 

Jrn) v 

1 g^k-l 1 

a(s 

1 -1) 

!---( 5 ,- 1 )!^ ' A 

A Lji • • • Ljn 

h{iu--- , 

4) v V 



a 


O' * • • • O' * ’ 


j=\ rji+-+rj„=si+- 

+ Sn jl jn 

= I,--- 

,mis 

perpendicular to Li , • • 

• , L„, SO it is perpendicular 


^ ... T 

for any j e {1,..., r}. So the above formula yields a decomposition of S whose supporting cones 
are among the subdivided cones. Combining the various polar germs arising in the decomposition 
then yields the statement of the proposition. □ 
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5 . The p-orders and p-residues for germs of meromorphic functions at zero with linear poles 

Based on the deeomposition in Seetion ^ we now introduee a filtered strueture on Alf (V®(8)C), 
define p-orders and p-residues for germs of meromorphie funetions at zero with linear poles. We 
only deal with real eoeflieients sinee the results for eoeffieients in a subfield F immediately follow 
from the ease F = R. 


5.1. p-orders of germs. Let us first define the p-order of germs of meromorphie funetions with 
linear poles. 


Definition 5.1. The polar order, or p-order in short, of the germ is defined to be 

Lj 


p-ord 


h{i\, • • • , £m) 

T Si ^ ^ T Sn 



Si. 


Definition 5.2. Let / e M{V® <8 C). By Corollary f deeomposes as 

n 

( 14 ) f = Y,Si + h. 

i=l 

In partieular, his a holomorphie germ and 5,-, z = 1, ■ ■ • ,n, are polar germs whose denominators 
are not proportional to eaeh other and whose supporting eones are properly positioned. We define 
the polar order, or p-order in short, of / to be 


p-ord(/) := Max(p-ord(S;)). 

Example 5.3. The p-order of fc in Example ^ is 1 if c = 0 and 3 otherwise. 


Lemma 5.4. Any two sets of cones with pseudo-positive generators have a common subdivision 
that is properly positioned. 


Proof. Sinee the generators of any eone in the family are pseudo-positive, the union of any set 
of faees ean not eontain a nonzero linear subspaee. Thus the proof is the same as that of Lemma 

^ □ 
Proposition 5.5. The p-order of a germ of meromorphic function with linear poles does not 
depend on any choice of a decomposition of the germ in Eq. ([7?|). 

Proof By Lemma |5^ , Proposition and Corollary p77| , we only need to prove that the p-order 
does not ehange under subdivision. 

For / e A1( V® ^ C), write the deeomposition of / in Eq. ( p^ as 

r n 

f = f,S,+ J]Si + h 

i=l j=r+l 

by listing the polar germs with the largest p-order p in the first sum and those with lesser p-order 
in the seeond sum. Now under a subdivision of the supporting eones, just as in the diseussion 
before Proposition [4^81 , subdivisions of the supporting eones yield deeompositions of polar germs 
Si = ZtSii, S j = ZmS jm- Then 

/ = ^ S a + ^ S jm + h. 

i,l j,m 

Clearly, every polar germ in the seeond sum has p-order less that p. So this part ean not eaneel 
with the part of polar germs of p-order p, if there is any. 
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Since Si 0, by the non-holomorphicity theorem p.21| , we have YIi=i Si 0. Thus u = 
4^ 0. Therefore some 5,^ is not zero, does not eaneel with other polar fractions and is 
of p-order p. Therefore in the decomposition obtained by this subdivision, the p-order is p, as 
desired. □ 


We next establish the independenee of the p-order on the ehoiee of inner produet. 


Proposition 5.6. The p-order of a meromorphic germ with linear poles does not depend on the 
choice of an inner product in the decomposition of Ai(V® <8) C) in Theorem \l.d\ 

Proof For an inner produet Q in V, and / G MiV® <8) C) with p-ord(/) = p, let 

r n 

f=Yj^i+YjSi+h 

i=l i=r+l 

be a decomposition of / into polar germs S , and a holomorphic function h as in Definition |5^ , 
with polar germs with the highest order in the first sum and those with lesser order in the seeond 
sum. 

Now consider a different inner produet R on V. For this inner product, an S , might not be a 
polar germ. Set 

hffii, • • • , iimi) 


J Vl 


■L." 


irii 


with Q{iip, Liq) = 0. For j = 1, • • • ,mi,we have 


in 




k=l 


where Lff) = 0 for = 1, 

hfiji, • 


,ni. Then 


’ ^imi> 


If ■ ■ ■ L ' 

il irii 


-P terms of lower denominator degrees. 


Thus 

(15) 






-P terms of lower denominator degrees. 


r ill r 

,=1 -^il ■ ■ ■ 

This gives a deeomposition of / into a linear combination of polar germs for the inner product R. 

Note the supporting eones in the above sum are faces of the supporting eones in the deeomposi¬ 
tion of / under the inner product Q. So they remain properly positioned. Sinee hfin, • • • , 4 

0, we also have , ■ • ■ 4 0. Therefore under the inner produet R, the p-order of / is again 

p. □ 


Remark 5.7. The proof of this proposition aetually shows how the terms of p-order p change as 
the inner produets ehange. 

5.2. The residue on At(y® <8> C). Using the p-order, we define a filtration in A\{V® 8> C). 
Definition 5.8. For n >0, define 

:= {/ 6 At(y® «) C) I p-ord(/) < n}. 
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Obviously, we have 


and 


M = [jMu 

i=0 


MiMj c Mi+j 

for the usual produet of functions. Therefore, 

Proposition 5.9. A\q := A1+(y® <S> C) c A1i c AI2 c • • • equips Ai{V® <8» C) with the structure of 
a filtered algebra. 

With this filtration, we can define a residue on M.{V® <81C). 


Definition 5.10. Let / e M{V® 1 


with the decomposition 

f=Yj^i + h 


as in Definition ^ and with p-ord(/) = r. Let S1, ■ ■ ■ , Sf the polar germs with p-ord(5,) = r and 


let S i = 


Lf -L. 

/I in 


We define the highest polar order residue, or the p-residue in short, of / to be 


p-res(/) = j] — 


hi(0) 


I 

i=l hi 


j ■'>"/ 

■ hm 


Example 5.11. The function fi as in Example has p-residue given by p-res(/c) = ^ -l- if 


0 and p-res(/c) 


-I- 


Li(Li+L2)2 L2(Li+L2)^ 


if C 0. 


Proposition 5.12. The p-residue of a germ of meromorphic function with linear poles is well- 
defined. Indeed, it does not depend on a choice of the decomposition in Eq. ( [7^ or the inner 
product used in the decomposition of MiV® (8 C) in Theorem |4.4 


Proof. We first prove that the p-residue does not depend on a particular choice of the decomposi¬ 
tion of /. Just as in the the proof of Proposition |53| , by Lemma [5^, Proposition and Corollary 
P77| , we only need prove that the p-residue does not change under subdivision. 

For / e A1( V® (8 C) with a given decomposition as in Eq. ([T^), let 

_ h{£\, ■ • • , £m) 

^ ~ 7T TT, 

be one of the polar germ in the decomposition with p-ord(5) = p-ord(/). Then the supporting 
cone is (Li, • • • , L„). For a fixed subdivision of the set of supporting cones, let the subdivision for 
<Li, • ■ • , Ln) be {Dj := {Lji, • • ■ , Ly„)}. Then 


A' ■ ■ -L,, 


V 


where b/s are constants. Assume 


-i- - 

(^i-1)!---(5,-1)! C a L 


E 


'rjv-rj„ 


d’ ’ rfl+...+rj„=si+-+s„ ^jl’“ ‘ ’ ^jn 


01 ’ 
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where are eonstants. Then 

i rfl+-+rj„=si+-+s„ ^jl ^ 

is the new deeomposition of S with supporting eones {Dj}. 

The eontribution of the polar fraetion S to the p-residue of / is The eontribution from 

the new decomposition of S is 

/ rji+-+rj„=si+-+s„ ^jl ’ 

which agrees with the first contribution. Therefore the p-residue does not depend on the decom¬ 
position. 

For a different choice of inner product, Eq. ([T5|) tells us how the polar germs of p-order p-ord(/) 
change. In particular, the constant terms of the numerators remain the same. This exactly means 
that the p-residue does not depend on the choice of inner products. □ 


To simplify the notation, we set 


for a polar germ S 




l''- 


S(0) 


h(0) 

T Si T SJ, 

■^1 ■ ■ ■ H 


Proposition 5.13. Letf = E'^i+E Tj+h, with Si, T j polar germs, hholomorphic, an J p-ord(5 
all equal to k, YjS i 0, p-ord(rj) < k. Then p-ord(/) = k and 

p-res(/) = ^5,(0). 

Proof. Taking a subdivision of the set of supporting cones of the germs S/’s and Tfs, we have 
Si = ZSil and Tj = E Tj^. Then 

f = ii + j,„ + h. 

Combining terms that are proportional to one another, we can assume that this decomposition 
satisfies the conditions in Definition |5^ . In the decomposition 

^‘S’// = 'Y^Sii^ 0, 

/,/ i 

there is some non zero polar germ of p-order k, and this is the maximal of p-orders of polar germs, 
so p-ord(/) = k. 

Therefore 

p-res(/) = ^S//(0) = ^S/(0). 

□ 


By construction, this p-residue has a weak multiplicative property. 

Proposition 5.14. Let f = /(Li, ■ ■ - Lk) andg = g{L[, ■ ■ ■ ,UJ e A1(y® O C), with Q(Li, LI) = 0, 
then 

p-res(/g) = p-res(/)p-res(g). 
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6. The p-residues of exponential sum on lattice cone 

As in [0, we can reinterpret the eonstruetions of [|T], ^ [^] in terms of lattiee cones, so to 
a lattiee eone (C, Ac) we ean assign two meromorphie funetions, the exponential diserete sum 
S (C, Ac) (eorresponding to S‘^(C, Ac) in [j|]) and the map I(C, Ac). A direet eomputation of the 
p-residue of the diserete sum on a smooth lattiee eones yields the eorresponding integral given by 
I(C,Ac). 


Lemma 6.1. For a smooth lattice cone (C, Ac), we have 

p-res(5(C,Ac)) = /(C,Ac). 


In fact, we have 


Proof. Let vi, 


S (C, Ac) = 0(C, Ac) + (terms of p - order < dim(C)). 

, Vrf(C) (where d = dimC) be a basis of Ac that generates C as a eone. Then 






+ h{{vi, s}) 


where h is holomorphie. So the highest p-order term is Oli (“(^) whieh is /(C, Ac). 
Lemma 6.2. For a cone C, <1)(C) 0 if and only if C is strongly convex. 


□ 


Proof We already know that /(C, Ac) = 0 if C is not strongly eonvex. So we only need to prove 
that if C is strongly eonvex, then /(C, Ac) 0. Taking a smooth subdivision {C,} of C, then sinee 
C is strongly eonvex, {C,} is properly positioned. So /(Q, Ac,)’s are linearly independent. Then 
their sum ean not be 0. □ 


Lemma 6.3. For a lattice cone (C, Ac), S (C, Ac) 4^ 0 if and only if(C, Ac) is strongly convex. 

Proof Again we only need to prove that if (C, Ac) is strongly eonvex, then S (C, Ac) 4 0. Tak¬ 
ing a smooth subdivision {(C,, Ac)} of (C, Ac), then sinee C is strongly eonvex, {C,} is properly 
positioned, so ®(C;)’s are linearly independent. 

We know 

S (C, Ac) = (Ci, Ac) + (terms with p-order < dim(C)), 

i 

and 

S (Ci, Ac) = ®(Ci, Ac) + (terms with p-order < dim(C)). 

By Proposition |5.13| , p-ord(5(C, Ac)) < dim(C) implies 

^O(C„Ac) = 0, 

i 

whieh is a eontradiction. So p-ord(S (C, Ac)) = dim(C), and S (C, Ac) 0. □ 

At the same time, we have proved that 
Lemma 6.4. For a strongly convex lattice cone (C, Ac), 


p-ord(5(C,Ac)) = dim(C). 
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Theorem 6.5. For a lattice cone (C, Ac) and its subdivision {(C,, Ac)}, we have 

p-res(5 (C, Ac)) = ^ p-res(5(Ci, Ac,)). 

i 

So the map p-res o S is compatible with subdivisions. 

Proof. For this subdivision, we have 

S (C, Ac) = ^ {Ci, Ac) + (terms of p-order < dim(C)), 


and 


S (C,-, Ac) = ^ Tij + (terms of p-order < dim(C)), 

j 

where Tij are polar germs, p-ord(r,y) = dim(C). So 

S (C, Ac) = ^ Tij + (terms of p-order < dim(C)). 

ij 


If C is strongly eonvex, then p-ord(5 (C, Ac)) = dim(C), and 

p-res(5(C, Ac)) = J] r,./0) = p-res(S(C,-, Ac)) 




by Proposition |5.13| . 

If C is not strongly eonvex, then S (C, Ac) = 0; on the other hand by Proposition |5.13| , this 
means Tij = 0, that is Yii p-res(5 (C/, Ac)) = 0. 

So in any ease, we have the eonelusion. □ 

As a eorollary, we obtain 

Corollary 6.6. For a lattice cone (C, Ac), we have 


p-res(5(C,Ac)) = 0(C,Ac). 

Example 6.7. Take A = c and C = (ei, e\+e 2 ) with (gj , ^ 2 ) the eanonieal orthonormal basis 
inR^. Then 5 '^(C, Ac) =--has p-order 2 and p-residue 0(C, Ac) = -- . 

(1 - g ^‘) (1 - + £ 2 ) 
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